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Although reduced-order modeling methods have � ourished in the study of structural system dynamics, similar
methodologies for the representation of � ow are few in comparison. A novel methodology based on biorthogonal
wavelet constructions and multiresolution analysis for order reduction of velocity � elds obtained via digital parti-
cle image velocimetry or computational � uid dynamics is presented. The derivation, algorithmic implementation,
and experimental veri� cation of fast projective � ltering methods based on divergence-free wavelets are discussed.
Experimental evidence presented demonstrates the feasibility of achieving several hundredfold compression for
typical velocity � elds obtained via experiments using particle image velocimetry. The results also suggest the fea-
sibility and amenability of wavelet methods for diverse problems of interest to the aerospace community including
1) experimental data denoising, 2) local cross-correlation calculations, and 3) feature extraction.

Introduction

S INCE the introduction of families of compactly supported,
orthogonal wavelets by Daubechies,1 there has been increas-

ing interest in applying wavelet analysis and corresponding time-
frequency analysis to engineering problems. A large body of lit-
erature has been generated over the recent years on wavelet and
multiresolutionanalysis, with emphasis on signal processingappli-
cations.For representativeoverviewsthe reader is referredto Refs. 2
and 3. Simply put, wavelet functionshave unique properties that en-
able fast, ef� cient representation of a large class of functions. One
of the most important characteristics of wavelet functions is their
simultaneoustime-frequencylocalization.That is, the functionsare
concentratednot only in the time (or space) domain, but also in the
frequencydomain. In comparison, it is well known that the conven-
tional Fourier basis functions are locally supported in frequency,
but are distributed over the entire real line. Not surprisingly, these
localizationcharacteristicshave made wavelet-basedmethods draw
immediate attention in signal and image processing areas for better
localized � ltering and compression. It is now widely accepted that
wavelet-based methods provide excellent, high-accuracy compres-
sion of scalar functions. In fact, it is possible to characterizemetrics
by which wavelets de� ne optimal compressionmethods for signals
and images4 while retaining important features of the original data.
There already exist commercially available pieces of software and
hardware utilizing wavelet analyses,most notably for scalar-valued
functions (signals and images).

Stimulated by the successful applications in these areas, there
have been many attempts to utilize wavelet theory in problems of
mechanics.The most notable applicationin computationalmechan-
ics has been the use of wavelet functions for approximation of so-
lutions of partial differential equations. The time-frequency local-
ization characteristicprovides an asymptotically optimal precondi-
tioning method for obtaining solutionsof the associateddiscretized
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equations.5 The localization property also enables effective detec-
tion and analysis of singularities in problems governed by partial
differentialequations.5 Even more recently, the wavelet method has
been applied to particle image velocimetry (PIV) in Ref. 6. The
particle images are � rst wavelet � ltered, then velocity distributions
are calculated via a wavelet-based windowed cross-correlation al-
gorithm. Compared to an existing Fourier-based PIV method, the
wavelet method was shown to provide an ef� cient and more accu-
rate way to compute velocity � elds from PIV. Another successful
application of wavelet analysis is the modeling of � uid turbulence
in Ref. 7. The coherent structures of turbulence are extracted, and
low-dimensional models for the description of turbulence are ob-
tained utilizingwavelet thresholding.With these successes in hand,
we presenta novelapplicationof the wavelet analysis to the problem
of determining reduced-order� ow models.

A typical � uid model comprises nonlinear partial differential
equations, and signi� cant computational resources are required for
their accurate simulation. Although there have been signi� cant
advances in computational � uid dynamics (CFD) for faster and
more accurate solutions, obtaining the solutions of general, time-
dependent � ow� elds is not an easy task. Moreover, it is clear that
the derivation and validation of a � ow control methodology will
require a considerable amount of computational effort beyond for-
ward integration of the Navier–Stokes equations. The reader is re-
ferred to Ref. 8, or the references therein, for a detailed discussion
of the computationally expensive costate formulations or iterative
optimization methods typically encountered in the control of � ow.
From a practical standpoint, a controller developed for a speci� c
� ow control task will often have to be implemented in real time.
Transition9,10 and turbulence11 control problems are typical such
cases.The order of the controllerdetermines the numberof ordinary
differentialequations that have to be integrated in real time to solve
for the state-space variables. For example, in a typical technique
for linear transition control of plane Poiseuille � ow, considering N
wavenumbersand M Chebyshevmodes results in 2N (M + 1) states.
To achieve an accurate representation of the � ow dynamics,N and
M cannot be small. Even for the modest case of N = M = 10, we
have a system of order 220. In Ref. 10, N and M were chosen to
be 32 and 124, respectively, to achieve an adequate approximation
and resulted in a system with over 8000 states. Such a large-order
system is unrealistic for real-time control applications due to com-
puter hardware and software limitations. In Ref. 10, order reduc-
tion was achievedby transforming the system into Jordan canonical
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form and retaining only the states that are equally well controllable
and observable, resulting in a reduced-ordersystem with about 600
states. Therefore, about an order of magnitude of order reduction
was achieved. The preceding is intended to exemplify the need for
reliableorder-reductionmethodologiesthat render real-time control
technologicallyfeasible,while still reliably retainingthe underlying
dynamics of the � ow to be controlled.

To alleviate such dif� culties in computation,several novel order-
reductionmethods have been introducedso far. One of the most no-
tablemethodologiesis the properorthogonaldecomposition(POD).
The methodwas originallysuggestedindependentlybydifferentsci-
entists, amongst which Loeve12 and Karhunen13 are the most recog-
nized. This technique has been applied in � uid mechanics in 1970,
when Lumley14 suggested that POD is amenable for the representa-
tion of coherentstructuresin turbulence.Since then, it has found ap-
plications in reduced-order� ow modeling and control.15 ¡ 20 Brie� y,
in POD, snapshotsof a � ow� eld at different time and/or at different
parameter values are utilized for the generation of basis functions,
speci� c to the � ow� eld of interest. Out of this initially large basis,
typically only a small number of basis elements carry most of the
information in the particular � ow� eld and can thus be used for its
reconstruction.This is brie� y the principleon which orderreduction
via POD is based.15 ¡ 20 The reduced-ordermodel can then be used
as a system model in derivingsubsequentcontrol strategies.Typical
order reductions achieved via POD in control applications and re-
ported in the relevant literature vary around one order of magnitude
(for example, 20 to 1 in Ref. 16, 25 to 1 in Ref. 15).

Herein, we propose a different approach to order reduction:
a wavelet-based � ow� eld compression technique, with the ulti-
mate objective of utilizing the resultant reduced-order modeling
for incompressible � ow control. Recently derived divergence-free
wavelet functionsareused to representthe velocityvector� elds, and
the � ow� eld is compressedvia wavelet decompositionwhile retain-
ing the physically salient features of the � ow. As shown in prelimi-
nary results, the compression ratios obtainable from wavelet-based
methods can be quite large, more than two orders of magnitude.
We seek to achieve signi� cant reduction in required computational
resources when this method is used in active � ow control.

We emphasize that this paper presents a novel method for the
analysisof � ow� elds obtained from either particle image velocime-
try or CFD. Although the techniques presented in this paper could
be used for a host of other end uses includingdenoisingand coherent
feature extraction,we plan to utilize the reduced-ordervector � elds
for control simulation and design. Because of length limitations,
the � ow control simulation and design problem is treated in a forth-
coming paper. Still, it is important to realize that this target problem
imposes special constraintson our PIV compression algorithm: We
seek reduced-orderdivergence-freevector � elds.

Problem Framework
To better understand the implications of seeking to generate

reduced-order models from PIV for � ow simulation, we consider
viscous, incompressible� ows governedby the Navier–Stokes equa-
tions

@u
@t

¡ m D u + u ¢ r u + r p = f in X £ (0, T ]

r ¢ u = 0 in X £ (0, T ]

u = g on C £ [0, T ]

u(0, x) = u0(x) in X (1)

In these equations u is the velocity � eld in the domain X , C is the
boundary of the domain, p is the pressure, and m is the kinematic
viscosity. For � ow control simulation, it is often convenient to con-
sider the weak form of these equations in which we seek a velocity
� eld u and pressure � eld p such that

@u
@t

(t), v + a[u(t ), v] + b[u(t ), u(t ), v] ¡ c[v, p(t )] = [ f (t), v]

c[u(t ), q] = 0 (2)

holdsfor all suitablychosen test functionsv and q (seeGunzburger21

for the complete functional analytic framework and for the def-
inition of a[¢ , ¢ ], b[¢ , ¢ , ¢ ], c[¢ , ¢ ]). Typical � nite element dis-
cretizations of these equations might generate solutions that are
expressed in millions of unknowns. For control purposes, it is
impractical to consider optimization over such large number of
unknowns, and reduced-order models are sought. A common
technique21 ¡ 24 de� nes a library of representative basis velocity
� elds

UNR = span u1, u2 , K , uNR (3)

whereNR is the number of reducedstates. By de� nition, NR is much
smaller than the number of degrees of freedom for a full model.
It is not dif� cult to show that, provided the library UNR comprises
divergence-freefunctions,the weak formulationfor a reduced-order
model can be stated as follows. Find uR 2 UNR such that

@uR

@t
(t ), v + a[uR(t ), v] + b[uR(t ), uR (t ), v] = [ f (t ), v] (4)

for all v in UNR , subject to suitable boundary conditions.The treat-
ment of boundary conditions is an interesting problem in its own
right; the readers may see Ref. 21 for details. The resulting low-
order system of ordinary differential equations is particularly well
suited for control optimization because the pressure term does not
appear.

It is emphasized that although the basic theory of reduced-order
modeling is exploited via CFD, the method is generic such that
it can equally be applied to experimentally obtained data. Speci� -
cally, the critical step of constructing a reduced-order model is to
generate the reduced-orderbasis libraryUNR in Eq. (3), and, in most
cases, the library is obtainedby postprocessingeitherCFD solutions
or experimentally obtained PIV � ow� elds. In this paper, we seek
to generate the library UNR from experimental methods and forego
CFD altogether.From an experimentalstandpoint, this is highly de-
sirable because full � eld velocity measurements are obtainable at
least in principle. Full � eld pressure measurements are much more
dif� cult, if not impossible, to obtain.The purposeof this paper, then,
is the de� nition of a methodology for generating the reduced-order
representations in UNR .

Multiresolution Analyses and Biorthogonal Wavelets
Even for simple applications in which we seek to employ

divergence-free wavelets in two dimensions, as is required in the
treatment of the PIV data in the � nal section of this paper, the the-
ory of multiresolutionanalysis can be intimidating. In this section,
we quickly review only those facets of multiresolutionanalysis that
are needed to construct divergence-free bases and perform order
reduction in the context of PIV. The interested reader is referred
to the numerous monographs on the foundations of this topic (see,
for example, Cohen et al.25 ). In its simplest form, a multiresolution
analysis is a sequence of nested spaces

¢ ¢ ¢ V ¡ 2 ½ V ¡ 1 ½ V0 ½ V1 ½ V2 ½ ¢ ¢ ¢ µ L2(R) (5)

that is generated from a single scalar-valued function u (x). The
function u (x) is known as the scaling function, or generator, of the
multiresolution analysis. As usual, L2(R) denotes those functions
that are square integrableover the real line. Let Z denote the (signed)
integers.Each space V j is de� ned in terms of the scaling functionas

V j = span
k 2 Z

{u (2 j x ¡ k)} (6)

Note that the frequency of the generating functions 2 j is � xed in
each space V j . The space V j is obtained by taking all translations
of the generating functions. If we picture the generator u (x) as a
bump function (see Figs. 1a, 1b, and 1e) supported on a mesh size
2 ¡ j , we can view the sequence of spaces V j as being able to repre-
sent functions on grids that are successively re� ned by a factor of
one-half. A pair of multiresolution analyses {V j }j 2 Z and {Ṽ j }j 2 Z
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a) N2(x)

b) ÄN2(x)

c) Ã2(x)

d) ÄÃ2(x)

e) N3(x)

f) ÄN3(x)

g) Ã3(x)

h) ÄÃ3(x)

Fig. 1 Families of biorthogonal B-spline functions.

is said to be biorthogonalif their associated scaling functions u and
˜u are biorthogonal in the sense that

h u , ˜u (¢ ¡ k) i =
R

u (x) ˜u (x ¡ k) dx = d 0,k (7)

Given a biorthogonal pair of multiresolutionanalyses {V j }j 2 Z and
{Ṽ j }j 2 Z , we de� ne the (oblique) projectors

P j : L2(R) ! V j , Pj f =
k

f, u %
j,k u j,k (x) (8)

where

u j,k (x) = 2 j / 2 u (2 j x ¡ k), ˜u j,k (x) = 2 j /2 ˜u (2 j x ¡ k) (9)

Thus, by convention, j denotes the dilation (or scaling) of a basis
function, and k denotes the translation of a function. The normal-
ization by 2 j / 2 simply enforces orthonormalityon all levels:

h u j,k , ˜u j,m i =
R

u j,k (x) ˜u j,m (x) dx = d k ,m (10)

By thede� nitionof P j and thebiorthogonalityproperty,it is true that

h Pj f, g i = 0, 8 g 2 Ṽ j (11)

We say that P j is the (oblique) projector from L2(R) onto V j in
the direction perpendicular to Ṽ j . In the derivation of divergence-
free wavelets, we will likewise have occasion to use the oblique
projectors onto the complement spaces W j , which are de� ned to be

Q j = P j + 1 ¡ P j : L2(R) ! W j (12)

where

W j = V j + 1 \ (Ṽ j )
? (13)
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It can be shown that

Q j f =
k

h f, ˜w j,k i w j,k (x) (14)

where w j,k(x) = 2 j / 2 w (2 j x ¡ k), ˜w j,k (x) = 2 j /2 ˜w (2 j x ¡ k), and
w and ˜w are the biorthogonalwavelets associatedwith u and ˜u , re-
spectively.In this paper, the multiresolutionanalyseswill be de� ned
in terms of the speci� c two scale relations

u (x) =
k

ak u (2x ¡ k), ˜u (x) =
k

ãk
˜u (2x ¡ k) (15)

satis� ed by the generators u and ˜u . Throughout this paper we will
assume that the generators are compactly supported (i.e., they are
nonzero only on a closed and bounded set and zero otherwise) and,
consequently, that the summation in these equations is necessarily
� nite. It will frequentlybe convenient to consider the Fourier trans-
form, or Z transform, of the two-scale equations, in which case we
obtain

a( n ) =
k 2 Z

ak e ¡ i k n , a(z) =
k 2 Z

ak zk (16)

All of the fastprojective(� ltering) operationsdiscussedin this paper
can be carriedout in terms of the coef� cient sequences{ak }and{ãk}.
The reader is referred to Daubechies26 for a detailed discussion.

Divergence-Free Wavelets
The original derivation of divergence-free wavelets is due to

Lemarie-Rieusset27 ¡ 29 and employs tensor product constructions
of biorthogonal wavelets. Urban30,31 generalizes this methodology
to create constructions of divergence-freewavelets that are not re-
stricted to tensor products. Because we will deal exclusively with
two-dimensional frames of data generated from particle image ve-
locimetry,the frameworkofLemarie-Rieusset27 ¡ 29 will be suf� cient
in this paper, that is, there is no compelling reason to utilize di-
vergence-freewavelets that are not tensor products. The purpose of
this section is to provide a brief technical background, de� ne the
speci� c dual bases we employ in our PIV applications, and to give
precise algorithmic details required for implementation.

We emphasize that this section has been carefully written to
provide a concise self-contained, accessible explanation of the
methodologypresented in Refs. 27–29 to constructdivergence-free
wavelets. The details of this section will be required by those re-
searcherswho seek to implement the PIV postprocessingand � lter-
ing algorithms introduced in the next two sections.A casual reader,
who only seeks to evaluate the performance of the algorithms on
experimentalPIV data, may skip to Eq. (49), which summarizes the
form of the projection appropriate for multiresolution analysis via
divergence-free wavelets. Comments following Eq. (49) describe
how all of the constituents of the projector can be expressed in
terms of � nite impulse response � lters.

The essential ingredient in the construction of divergence-free
wavelets is the following result due to Lemarie-Rieusset.27 ¡ 29

Proposition: Suppose that {V j } and {Ṽ j } are biorthogonal mul-
tiresolution analyses with associated generators u and ˜u and wave
lets w and ˜w . Then there are dual scaling functions u + and u ¡ that
de� ne biorthogonalmultiresolutionanalyses{V ¡ , j }and V+ , j that
are related by integration and differentiation in the sense that

d u

dx
(x) = u ¡ (x) ¡ u ¡ (x ¡ 1) (17)

x + 1

x

˜u (s) ds = u + (x) (18)

Moreover, if the Laurent series symbol for u and ˜u are a(z) and
ã(z), respectively, then the symbols for u + and u ¡ are given by

a ¡ (z) = [2/ (1 + z)]a(z) (19)

a+ (z) = [(1 + z̄) /2]a(z) (20)

If w and ˜w and w + and w ¡ denote the biorthogonalwavelets corre-
sponding to u and ˜u and u + and u ¡ , respectively,we have

w ¡ (x) =
1

4

d w

dx
(x) (21)

d

dx
[ w + (x)] = ¡ 4 ˜w (x) (22)

The choice of subscripts + and ¡ on the dual scaling functions u +

and u ¡ arise from Eqs. (17) and (18); the function u ¡ is de� ned
in terms of the derivative of u , whereas u + is de� ned in terms of
the integral of ˜u . Clearly, Eqs. (17) and (18) can be replaced by the
alternative equations

d u

dx
(x) = u ¡ (x) ¡ u ¡ (x ¡ 1) (23)

d

dx
[ u + (x)] = ˜u (x + 1) ¡ ˜u (x) (24)

which illustrate that there is a certain symmetry in the roles of the
scaling functions u + and u ¡ . We will use this form of the equations
frequently in the derivations that follow.

The construction of divergence-free wavelets is carried out by
de� ning the vector space of tensor products

V j =
V j ­ V ¡ , j

V ¡ , j ­ V j

(25)

Because by de� nition we have

V ¡ , j = span{u ¡ , j,k }, V j = span{u j,k} (26)

it is clear that the vector space of tensor products is just a span of
one-dimensional subspaces given as

V j =
V j ­ V ¡ , j

V ¡ , j ­ V j
= span

k ,l

u j,k(x) u ¡ , j,l (y)

0

© span
k,l

0

u ¡ , j,k (x) u j,l(y)
(27)

We emphasize that the symbol © denotes the direct sum, and not an
orthogonal sum, throughout this paper. Our primary goal is to � nd
a multilevel decompositionfor the vector space V j . This decompo-
sition can be achieved by noting that

V ¡ , j = V ¡ , j ¡ 1 © W ¡ , j ¡ 1, V j = V j ¡ 1 © W j ¡ 1 (28)

An explicit, multilevel decomposition of all vectors in V j can be
readily obtained

V j = span
k ,l

u j ¡ 1,k(x) u ¡ , j ¡ 1,l (y)

0
,

u j ¡ 1,k (x) w ¡ , j ¡ 1,l (y)

0
,

w j ¡ 1,k(x) u ¡ , j ¡ 1,l(y)

0
,

w j ¡ 1,k (x) w ¡ , j ¡ 1,l(y)

0

+
0

u ¡ , j ¡ 1,k (x) u j ¡ 1,l (y)
,

0

u ¡ , j ¡ 1,k (x) w j ¡ 1,l(y)
,

0

w ¡ , j ¡ 1,k (x) u j ¡ 1,l(y)
,

0

w ¡ , j ¡ 1,k(x) w j ¡ 1,l(y)
(29)

In particular, the complement spaces of vector-valued wavelets is
most important.We will use these spaces to decomposethe PIV data
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vectors for order-reduction,denoising, or cross-correlationcalcula-
tions:

W j ¡ 1 ´ V j eV j ¡ 1 = span
k ,l

u j ¡ 1,k(x) w ¡ , j ¡ 1,l(y)

0
,

w j ¡ 1,k(x) u ¡ , j ¡ 1,l(y)

0
,

w j ¡ 1,k(x) w ¡ , j ¡ 1,l(y)

0

+
0

u ¡ , j ¡ 1,k(x) w j ¡ 1,l(y)
,

0

w ¡ , j ¡ 1,k (x) u j ¡ 1,l (y)
,

0

w ¡ , j ¡ 1,k (x) w j ¡ 1,l (y)
(30)

Hence,our task is then to � nd a basis for thosevectors in the comple-
ment spaces that are divergence free. It is convenient to employ the
following notation to simplify the representationof divergence-free
vectors that live in the space V j :

E = {(e1 , e2):ei 2 {0, 1}}, E ¤ = E » (0, 0) (31)

where the symbol » implies except. With these sets, we can enu-
merate a basis for tensor product wavelets as

w e =

w (x) u (y), e = (1, 0)

u (x) w (y), e = (0, 1)

w (x) w (y), e = (1, 1) (32)

ie = min{i : ei 6= 0, ei 2 e} (33)

We see that the entries of the vectors in Eq. (30) can almost be
expressed in terms of w e. What remains is to select between the
multiresolutionanalyses

{V j }j 2 z , {Ṽ j }j 2 z

with generators u and ˜u and

{V ¡ , j }j 2 z , {V+ , j }j 2 z

with generators u ¡ and u + in each component of the basis vectors.
A superscript is used to denote a coordinate direction in which
generators (or wavelets) associated with {V ¡ , j } are substituted in
the bases w e. In other words, whereas we have

w (1,0) = w (x) u (y), w (0,1) = u (x) w (y), . . . (34)

for the usual bases, we write

w (1)
(1,0) = w ¡ (x) u (y), w (2)

(1,0) = w (x) u ¡ (y), . . . (35)

for bases that havebeenmodi� ed in a particularcoordinatedirection
by substituting a basis function from {V ¡ , j }. This construction can
be repeated. If we modify two coordinate directions, we denote
w (1,2)

(1,0) = w ¡ (x) u ¡ (y), as an example.This notationgives a succinct
method for representing various projections, decompositions, and
reconstructionsin the vectorbases.For example, the projectiononto
the tensor product space of scalar-valued functions in V j ­ V ¡ , j is
just

f 7!
k ,l R2

˜u j,k (x) u + , j,l(y) f (x, y) dx dy u j,k(x) u ¡ , j,l (y)

=
k ,l

h f, ˜u j,k ­ u + , j,l i u j,k (x) u ¡ , j,l (y) (36)

We de� ne the scalar projection

f 7! Q(2)
j f =

k ,l

h f, ˜u j,k ­ u + , j,l i u j,k (x) u ¡ , j,l (y) (37)

The de� nitionof projectionsof vector-valuedfunctionsonto vector-
valued tensor product spaces is de� ned using the scalar-valuedpro-
jections:

f1

f2
7!

Q(2)
j f1

Q(1)
j f2

= k ,l

h f1 , ˜u j,k ­ u + , j,l i u j,k(x) u ¡ , j,l (y)

k ,l

h f2 , ˜u + , j,k ­ u , j,l i u ¡ , j,k(x) u j,l (y)
(38)

This vector-valuedprojection is written alternatively as

Q j f ´
Q(2)

j f1

Q (1)
j f2

(39)

Up until this point, no effort has been made to characterize the
divergence-freefunctions within V j . Divergence-free subspaces H
of V j can be determined with the introductionof a carefully chosen
set of vector-valued basis functions Ãe,i . For each of the vertices
e 2 E ¤ ={(e1 , e2): ei 2 {0, 1}} » (0, 0), and for each integer i 6= ie ,
we de� ne

Ãe,i =

0, j /2 {i, ie}

w ( » i )
e , j = i

¡
1

4

@

@xi
w ( » i, » ie )

e , j = ie (40)

In Eq. (40), the symbol » i is interpretedas not i , or the complement
of i . Note that this notation employs a redundant numbering of the
basis for the vector space H. That is, there are only particular com-
binations of (e, i ) that are permissible in the preceding de� nition.
In two dimensions, there are precisely three vectors corresponding
to the pairs:

(e, i ) = [(1, 0), 2], [(0, 1), 1], [(1, 1), 2] (41)

These three basis vectors are given hereafter for (e, i ) = [(1, 0), 2]

Ã(1, 0), 2 =
¡ 1

4
w (x) u 0 (y)

w ¡ (x) u (y)
=

¡ 1
4
w (x) u 0 (y)

1
4
w 0 (x) u (y)

(42)

for (e, i ) = [(0, 1), 1]

Ã(0, 1), 1 =
u (x) w ¡ (y)

¡ 1
4
u 0 (x) w (y)

=
1
4
u (x) w 0 (y)

¡ 1
4
u 0 (x) w (y)

(43)

and for (e, i ) = [(1, 1), 2]

Ã(1,1),2 =
¡ 1

4
w (x) w 0 (y)

w ¡ (x) w (y)
=

¡ 1
4
w (x) w 0 (y)

1
4
w 0 (x) w (y)

(44)

Exactly as in the case of the scalar bases, we de� ne the translates
and dilates of the vector bases to be

Ãe, i, j, K (x , y) = 2 j Ãe,i 2 j x ¡ k1, 2 j y ¡ k1 (45)

where K = (k1 , k2) is a pair of translationvalues for the x direction
and y direction. The normalization 2 j follows because each vector
basis is comprisedof a product of scalar basis functions in the x and
y. It is clear that each of these vector-valuedfunctions is divergence
free,

div Ã(1,0),2 = divÃ(0,1),1 = div Ã(1,1),2 = 0 (46)

Thus, although the presentation of the framework is somewhat
lengthy, we can now present the most essential tool in deriving
wavelet-basedpostprocessingmethods. The following theoremdue
to Lemarie-Rieusset27 ¡ 29 shows that these divergence-free vectors
generate a basis for the subspace consisting of the divergence-free
vectors in V j ¡ V j ¡ 1.
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Theorem: For each e 2 E ¤ , we have that the divergence of the
projection is equal to the projection of the divergence:

r ¢ (Q j,e f ) = r ¢
Q(2)

j,e f1

Q(1)
j,e f2

= Q(1, 2)
j,e ( r ¢ f ) (47)

In addition, for every f 2 H, we have a unique expansion:

Q(2)
j,e f1

Q(1)
j,e f2

=
i 6= ie K = (k1 ,k2)

h f , ˜w e,i, j, K ei i Ãe,i, j, K (48)

Q j f =
e 2 E ¤ i 6= ie K = (k1 ,k2 )

h f , ˜w e,i, j,K ei i Ãe,i, j, K (49)

In these equations, ei is the canonical basis vector with a 1 in the
i th location and zeros elsewhere. Some comments follow:

1) The central task of this paper then, is to derive speci� c imple-
mentations of the rather abstract projection operators in Eqs. (47–

49) that are applicableforpostprocessingparticleimagevelocimetry
data.

2) The choice of � lter implementations discussed in the next
section is driven by the form of the compatibility conditions in
Eqs. (19) and (20). That is, a pragmatic realizationof the multilevel
projections in Eqs. (19–49) is achieved provided we can � nd dual
multiresolutionswhose generators satisfy Eqs. (19) and (20).

3) Interested readers of this paper may de� ne alternative post-
processing methods for PIV based on alternative wavelet systems.
The properties desirable of these methods would include a) short
support and b) simple boundary conditions.

Filter Implementation
From considerationsin the last section, we see that the construc-

tion of divergence-freewavelets relies on the selection of the dual
pairs u and ˜u and u ¡ and u + . In this paper, we choose

u (x) = N3(x), u ¡ (x) = N2(x) (50)

where Nm (x) is the mth-order cardinal B spline. It is well known
that32

N 0
m(x) = Nm ¡ 1(x) ¡ Nm ¡ 1(x ¡ 1) (51)

for any B spline of order m. Consequently, the critical condition
(17) is satis� ed.

We must now choosesomescalingfunction ˜u that is dual to N3(x)
and a second scaling function u + that is dual to u ¡ , such that the
conditions of proposition (18) are satis� ed. It is known that there
are many generators that de� ne multiresolution analyses that are
dual to either u (x) = N3(x) or u ¡ (x) = N2(x). The Laurent series
symbols for u (x) = N3(x) and u ¡ (x) = N2(x) are given by

a(z) = 1
8 (z ¡ 1 + 3z0 + 3z + z2), a ¡ (z) = 1

4 (z ¡ 1 + 2 + z)

(52)

Potential choices for dual multiresolution analyses are given in
Table (6.1) in Ref. 25. Fortunately, we can choose a generator ˜u
with symbol

ã(z) = 3
64

z ¡ 3 ¡ 9
64

z ¡ 2 ¡ 7
64

z ¡ 1 + 45
64

z0 + 45
64

z1 ¡ 7
64

z2

¡ 9
64

z3 + 3
64

z4 (53)

that is dual to u (x) and a generator u + (x) with symbol

a+ (z) = 3
128

z ¡ 4 ¡ 3
64

z ¡ 3 ¡ 1
8
z ¡ 2 + 19

64
z ¡ 1 + 45

64
z0 + 19

64
z

¡ 1
8
z2 ¡ 3

64
z3 + 3

128
z4 (54)

that is dual to u ¡ (x), such that the conditions of proposition (24)
hold. For example, we have

(1 + z ¡ 1)ã(z) = 2a+ (z) (55)

by inspection.Figure 1 shows our choice of B-spline functions that
will be used in subsequent experiments. Based on these B-spline
functions and the derivationof the divergence-freevector functions
in the preceding section, the following divergence-freevector func-
tions are chosen as our basis

Á(x , y) =
N3(x)N 0

3(y)

¡ N 0
3(x)N3(y)

Ã(0, 1), 1(x , y) =
1
4
N3(x) w 0

3(y)

¡ 1
4
N 0

3(x) w 3(y)

Ã(1, 0), 2(x , y) =
¡ 1

4
w 3(x)N 0

3(y)
1
4
w 0

3(x)N3(y)

Ã(1, 1), 2(x , y) =
¡ 1

4
w 3(x) w 0

3(y)
1
4
w 0

3(x) w 3(y)
(56)

In the following, the two-scale equations for the preceding vector
functions are derived. Let us assume that we have the following
two-scale equations for the B splines just introduced:

N3(x) =
k

a3
k N3(2x ¡ k) , w 3(x) =

k

b3
k N3(2x ¡ k)

N2(x) =
k

a2
k N2(2x ¡ k) , w 2(x) =

k

b2
k N2(2x ¡ k)

(57)

Then the two-scale equation for the vector-valuedscaling functions
are derived as

Á(x , y)=
N3(x)N 0

3(y)

¡ N 0
3(x)N3(y)

=
a3

k N3(2x ¡ k) 2a3
l N 0

3(2y ¡ l)

¡ 2a3
m N 0

3(2x ¡ m) a3
n N3(2y ¡ n)

=
k ,l

2a3
k a3

l Á(2x ¡ k, 2y ¡ l) ´
k,l

Ak ,l Á(2x ¡ k, 2y ¡ l)

(58)

In similar manner, the two-scale equation for other functions are
obtained as

Ã(0,1),1(x , y) =
k ,l

1
2

a3
k b3

l Á(2x ¡ k, 2y ¡ l)

´
k,l

B1
k ,l Á(2x ¡ k, 2y ¡ l)

Ã(1,0),2(x , y) =
k ,l

1
2

b3
k a3

l Á(2x ¡ k, 2y ¡ l)

´
k,l

B2
k ,l Á(2x ¡ k, 2y ¡ l)

Ã(1,1),2(x , y) =
k ,l

1
2

b3
k b3

l Á(2x ¡ k, 2y ¡ l)

´
k,l

B3
k ,l Á(2x ¡ k, 2y ¡ l) (59)

Figure 2 presents vector plots for the preceding vector-valuedscal-
ing and wavelet functions.
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Scaling function Á(x; y)

Vertical wavelet function Ã(0;1);1(x; y)

Horizontal wavelet function Ã(1;0);2(x; y)

Diagonal wavelet function Ã(1;1);2(x; y)

Fig. 2 Vector plots of divergence-free basis functions.

Application to Experimental Flow Diagnostics
Motivation

The use of synthetic or zero mass � ux actuators for � ow sep-
aration control is currently being addressed by many researchers.
Current research includes investigation of the performance of this
technology for modifying the lift, drag, and � ight control charac-
teristics of unconventional airfoils as well as � ow separation over
bluff bodies.33,34

An experimental setup has been developed to study a new type
of synthetic jet application to � ow control. The idea is to delay the
occurrenceof � owseparationovera curvedsurfaceby � rst removing
low-momentum � uid from the boundary layer (suction part of the
actuator oscillation period), then reenergizing it and injecting it as
high-momentum � uid back into the boundary layer (blowing part
of the period), taking advantage of the Coanda effect. The setup
incorporating the synthetic jet actuator is schematically shown in
Fig. 3. The synthetic jet is housed inside a hollow cylinder and
is composed of an almost enclosed cavity, one end of which is
covered by an oscillating membrane driven by a dynamic shaker
with variable frequency and amplitude of oscillation. The cylinder
wall with a slot machined parallel to the cylinder axis covers the
other cavity end. Note that the � ow does not exit the slot radially. In
fact, the actuator is designed in such a way that it takes advantage
of the Coanda effect, causing the � ow exiting the slot to be almost
tangential to the cylinderwall. Besides the momentum addition into
the boundary layer, another mechanism that is expected to aid in
the separation delay is based on the high receptivity of the shear
layer emanating from the point of separation, as demonstrated by
previous efforts35,36 through the use of oscillatory blowing.

Experimental Setup
In the experimental setup, the cylinder was placed between two

� at plates, one upstream of the cylinder, the other downstream of
it, so that only half of the cylinder was in the � ow (Fig. 4). This

Fig. 3 Schematic of separation control principle via a synthetic jet slot
actuator.

assembly was then introduced into the test section (cross-sectional
dimensions: 150 £ 150 mm) of a water tunnel in such a way that
the two � at plates and the bottom half of the cylinder formed the
top boundary of the measurement domain, whereas the � oor of the
test section formed the bottom boundary of the domain. The � ow
entered the domain from the left. The diameter of the cylinder was
102 mm and spanned the entire test section. The water tunnel was
set to operate at a freestream velocity of 65 mm/s. The Reynolds
number based on the cylinder diameter was 6600.
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Fig. 4 Schematic of experimental setup.

Fig. 5 Typical image used for PIV analysis corresponding to position
C6a.

Figure 4 shows a schematic of the experimental setup that was
used during this � rst phase of the experimental work, which con-
sistedof the initial documentationof the � ow� eld without the use of
any actuators. The � ow� eld was illuminated using a 25 W continu-
ous wave argon-ion laser. A laser sheet with a thickness of 0.5 mm
was producedby means of an arrayof mirrors andcylindricallenses.
This laser sheetwas orientedperpendicularto the tunnel � oor to per-
mit documentationof slicesof the � ow� eldparallelto the freestream
(two-dimensional � ow). The � ow� eld was seeded with silicon car-
bide particles (TSI-10081) with a mean diameter of 1.5 l m.

High-frame-rate PIV measurements were performed using a
Photec Phantom V3.0 charge-coupled device camera placed nor-
mal to the light sheet, operating with a frame rate of 500 fps. The
actual image resolutionfor the digital images recordedat that frame
rate was 512 £ 512 pixels. The camera was focused onto an area of
40 (horizontal) £ 40 mm (vertical), with the position of the image
coinciding with the positions shown in Fig. 4. The initial exper-
imental work presented herein includes the documentation of the
� ow� eld near the junction of the cylinder with the � at plate (C6a).

Figure 5 shows a typical particle image acquired at position C6a.
Figure 6 shows the � ow� eld for the same position,which was gener-

Fig. 6 Velocity � eld corresponding to position C6a, obtained using
cross-correlation algorithms with a 32 £ £ 32 window and an 8 £ £ 8 step;
velocity magnitude in millimeters per second.

ated using cross-correlation-based PIV algorithms with an interro-
gationwindow size of 32 £ 32 and a 8 £ 8 step.To facilitateviewing
of the vector plot, not all of the velocityvectors are plotted in Fig. 6.
Note that the velocity vectors calculated near the solid surfaces of
the measurement volume (i.e., near the � at plate or the cylinder
surface) tend to be erroneous. This is due to the interrogation win-
dow for which the cross correlationwas calculated,at that position,
containing a section of the cylinder or � at plate surface in it. The
glare generated from the laser light re� ected on the solid surfaces
contributed to the error. Note that for the case of position C6a, the
experimental data show the formation of a large recirculation area
immediately upstream of the junction point between the � at plate
and the cylinder.

Wavelet-Based Compression of Velocity Field
Suppose that we have the following discrete velocity distribution

obtained from the PIV experiments:

u(x, y) =
k,l

u x
k ,l

u y
k ,l

(60)
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where ux
k ,l and u y

k,l are velocity component at location index (k, l )
for the x direction and for the y direction, respectively. Starting
from the given discrete velocity data, we � rst project them onto the
subspace of divergence-freescaling functions

u J (x , y) ´
K = (k1 ,k2 )

u J, K ÁJ, K (x , y) (61)

where the superscript J denotes the approximation resolution, or
the mesh size 2 ¡ J . In the present study, the projectiononto the scal-
ing space is realized by using recursive least square algorithm.That
is, the coef� cients of Eq. (61) are obtained such that the discrete
error, k u(x , y) ¡ uJ (x , y) k l2 , is minimized. Although some sort of
interpolation/quadraturemethod is highlydesirablefrom a practical
standpoint, we believe that the derivation of such a practical algo-
rithm will exceed the scope of this paper due to the length limit
and should be discussed in detail in another place. In the preceding
equations,note that the scalar coef� cientsu J, K and the dilationsand
translations of the vector-valuedbasis functions

Á j, K ´ 2 j Á 2 j x ¡ k1, 2 j y ¡ k2 , K = (k1 , k2) (62)

are used in linear combination to represent the vector � eld. Once
we obtain the � nest level of projection onto the scaling subspace,
the projected� ow� eld is decomposedinto larger-scale(coarse-grid)
scaling subspaces and wavelet subspaces such as

a) Original velocity distribution from PIV

b) Compressed, 221/5124

c) Compressed, 80/5124

d) Compressed, 30/5124

Fig. 7 Compressed velocity � elds at various compression ratios.

uJ (x , y) = uJ ¡ 1(x , y) + w1, J ¡ 1(x , y) + w2, J ¡ 1(x , y)

+ w3, J ¡ 1(x , y) =
K = (k1 ,k2 )

u J ¡ 1, K ÁJ ¡ 1, K (x , y)

+
K = (k1 ,k2)

w1, J ¡ 1,K Ã(0,1),1, J ¡ 1, K (x , y)

+
K = (k1 ,k2)

w2, J ¡ 1,K Ã(1,0),2, J ¡ 1, K (x , y)

+
K = (k1 ,k2)

w3, J ¡ 1,K Ã(1,1),2, J ¡ 1, K (x , y) (63)

where wavelet coef� cients {wr, J ¡ 1,K , r = 1, 2, 3} represent detail
information of the original distribution and the scaling coef� cients
u J ¡ 1, K contain coarse-grid information. Continuing the preceding
wavelet decomposition,we subsequentlyobtain

uJ (x , y) =
K =(k1 ,k2)

u J0 ,K ÁJ0 ,K (x , y)

+
J ¡ 1

j = J0 K = (k1 ,k2)

w1, j,K Ã(0,1),1, j, K (x , y)

+ w2, j, K Ã(1,0),2, j, K (x , y) + w3, j, K Ã(1, 1), 2, j, K (x , y) (64)
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As mentioned earlier, the coarsest-level scaling coef� cients u J0 ,K

contain larger-scale information of the velocity � elds, and the
wavelet components{wr, j, K , r = 1, 2, 3} represent detail informa-
tion at different scales j . After achieving this multilevel decompo-
sition of the original velocity � eld, the compression is performed
by thresholding some or all of the wavelet/scaling coef� cients. The
thresholding values need to be selected judiciously so that the re-
sulting compressedvelocity� eld retains required/necessarycharac-
teristics of the original � ow� eld, such as location, movement, and
strength of vortices, shear layer strength and behavior, etc. For the
case of image compression, a rigorous development of the relation
between compression error and ratio is presented in Ref. 4. In our
present study, we employ a rather trivial and simple thresholdingas
our initial compression strategy.As shown in the following section,
in our � rst step, we throw away all of the wavelet coef� cients, that
is, wr, j,K in Eq. (64) thus achievingmaximal compression ratio. By
doing so, however, we lose a great deal of information because the
wavelet coef� cients usually carry detail information. Thus, in our
next step, we will show that by retaining only those wavelet coef-
� cients at the coarsest level, which are larger than a predetermined
value, we are able to reduce the compression error signi� cantly.
Certainly, a thorough investigationof thresholdingstrategy relevant
to a reduced-order � ow model is necessary and should follow the
current study.

Results and Discussion
As an applicationof the techniquesdevelopedherein, a compres-

sion of velocity� elds obtainedfrom PIV experimentsis presentedin
this section. The velocity � eld presented in Fig. 6 was � rst cropped
for two reasons: 1) to eliminate erroneousvectors close to the solid
surfaces and 2) to achieve a rectangularvelocity domain (no curved
boundaries,such as the cylinder surface), which is necessary for the
application of the present wavelet procedures (this can be avoided
by employing different families of wavelets such as those derived
in Ref. 37, which has short support and, thus, can accommodate
curved boundaries). The resulting velocity � eld is shown in Fig. 7a.
In Fig. 7 and subsequentvelocity vector plots, note that only a quar-

Velocity of x component

Velocity of x component: contours

Velocity of y component

Velocity of y component: contours

Fig. 8 Relative difference from projected velocity in percentage (compressed, 736/5124).

ter of the original velocity vectors are plotted for clarity. We utilize
the divergence-freewavelet/scaling functions derived earlier.

The original � ow� eld (Fig. 7a) has 42 £ 61 grid points; thus,
we have 2 £ 42 £ 61 =5124 velocity data (x and y velocity com-
ponents at each grid point). Figures 7b–7d present results of
wavelet-based compression of the original � ow� eld at different
compression ratios. These compressions are achieved by keeping
only scaling function coef� cients at each decomposition. That is,
the original velocity � eld u(x , y) ¼ uJ (x, y) is approximated by
uJ ¡ 1(x, y), u J ¡ 2(x , y), uJ ¡ 3(x , y), and uJ ¡ 4(x , y). As shown in
Fig. 7, numbers of coef� cients retained are 736, 221, 80, and 30,
respectively. That is, only 30 vector functions are used to repre-
sent the vector � eld in Fig. 7d, for example (a compression ratio
of 5124/ 30 =170.8). Figures 8–11 show the relative differences
between the projected velocity � elds and the compressed velocity
� elds for each of the velocity components

u x
compressed,k,l ¡ ux

projected,k ,l

maxj uprojected ,k,l j
£ 100

u y
compressed,k,l ¡ u y

projected,k ,l

maxj uprojected ,k,l j
£ 100 (65)

at various compression ratios. Here, by projected we indicate the
� ow� eld that results from the projection of the original data onto
the wavelet space, before any thresholding occurs. Small differ-
ences exist between the original and projected � ow� elds. These
differences are attributed mostly to the projected � ow� eld be-
ing automatically divergence-free because it is projected on a
divergence-free basis, whereas the original � ow� eld is not iden-
tically divergence-free (although it should be) due to experimental
errors. Therefore, the projected� ow� eld is, in a sense, a more phys-
ically correct representation.Note, especially in Figs. 11b and 11d,
that the error levels are high along the shear layer (the boundary
between the vortex in the upper section and the potential� ow below
it). Keeping in mind that the wavelets are the functions that capture
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Velocity of x component

Velocity of x component: contours

Velocity of y component

Velocity of y component: contours

Fig. 9 Relative difference from projected velocity in percentage (compressed, 221/5124).

Velocity of x component

Velocity of x component: contours

Velocity of y component

Velocity of y component: contours

Fig. 10 Relative difference from projected velocity in percentage (compressed, 80/5124).
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a) Velocity of x component

b) Velocity of x component: contours

c) Velocity of y component

d) Velocity of y component: contours

Fig. 11 Relative difference from projected velocity in percentage (compressed, 30/5124).

Velocity of x component

Velocity of x component: contours

Velocity of y component

Velocity of y component: contours

Fig. 12 Relative difference from projected velocity in percentage after adding wavelet components to Fig. 12 (compression ratio = 5124/58, relative
l2 error = 3:9908%).
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Fig. 13 Relative l2 difference from projected velocity for different com-
pression ratios.

the � ow details, that is, the � ne-scale � ow features, this is consis-
tent with our throwing away all of the wavelet coef� cients. When
we include some of the wavelet coef� cients through thresholding,
the resulting error can be signi� cantly reduced. Figure 12 shows an
example of such cases. Some (not all) of the wavelet coef� cients at
level J ¡ 4, {wr, J ¡ 4,K , r =1, 2, 3}, are added to uJ ¡ 4(x , y), and
the resulting error distribution is shown in Fig. 12. Speci� cally, 28
wavelet coef� cients are added to 30 scaling coef� cients, resulting
in a compression ratio of 5124/ 58 = 88.34. Comparing Fig. 12 to
Fig. 11, we observe that the errors are reduced signi� cantly. In this
example, we have included wavelet coef� cients only at the coarsest
level, but this can be done at each decomposition level for achiev-
ing compression with reduced error distribution. For comparison,
relative l2 differences

j ucompressed ¡ uprojected j l2
j uprojected j l2

£ 100 (66)

at different compression ratios are shown in Fig. 13.
While the preceding results for a selected � ow� eld are convinc-

ing, the readers may argue the limited nature of the examples pro-
vided in this paper. The authors would like to mention that exactly
the same methodology has been applied to more complicated syn-
thetic jet � ow� elds, and that similar results were obtained. We re-
gret, however, that due to the length limit of the paper, the results
are publishedelsewhere.Interestedreadersare referredto Rediniotis
et al.38

Conclusions
This paperhas presenteda methodologyby which reduced-order,

divergence-free representations of � ow� elds can be obtained. The
results, though preliminary, are promising; compression ratios of
two orders of magnitude are obtainable depending on the � ow un-
der consideration. Still, there are several open issues that must be
resolved in the current technique, and these merit further study.
Because of the large supports of these functions, we have to keep
additional functions in the vicinity of the boundaries, and, thus, we
suffer a deteriorationin compressionratios.However,we still obtain
a superior compression ratio as observed in our results. The method
is semi-automated and achieved via fast-� ltering implementation
of divergence-freewavelets. The full automation of this algorithm
requires systematic methods for the determination of thresholding
techniques based on the physics of the � ow. Moreover, it is imper-
ative that the relative merits of the method be gauged in compari-
son to other techniques,includingproper orthogonaldecomposition
methods.
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